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Low-Thrust Eccentricity-Constrained Orbit Raising

Jean Albert Kechichian
The Aerospace Corporation, El Segundo, California 90245-4691

The problem of zero-eccentricity-constrained orbit raising in circular orbit in the presence of shadowing is
analyzed using both numerical and analytical methods. Given the shadow arclength, piecewise constant pitch
angles are selected analytically, and the location along the orbit where the pitch angle switches is optimized to
effect the largest change in semimajor axis per revolution. Two strategies yielding near-optimal performance are
presented, differing in whether or not a pitch reorientation maneuver is carried out inside the shadow arc. These
analytic results are also compared with the exact eccentricity-constrained numerical solutions,which use optimally
varying continuous pitch pro� les to maximize the change in semimajor axis after each revolution. The suboptimal
analytic strategies are almost as effective as the optimal strategy especially in higher orbit. These strategies remove
the need for continuouslyreorienting the spacecraft attitude in pitch, providingrobust real-time on-boardguidance
capability for electric orbit transfer vehicle orbit raising applications.

Nomenclature
a0 a = initial and current orbit semimajor axis, km
c s = cos , sin , etc.
e0 e = initial and current orbit eccentricity
fr f = components of acceleration vector along radial

and perpendiculardirections
ft fn = components of acceleration vector along tangential

and normal directions
h = orbital angular momentum, [ a 1 e2 ]1 2

k = thrust acceleration, T m, km/s2

m = spacecraftmass, kg
n = orbit mean motion, a3

0
1 2

p = orbit parameter, a 1 e2 , km
r = radial distance, p 1 ec 1 , km
T = thrust vector

= orbital velocity on circular orbit, na0

= shadow angle
= angular position of spacecraft measured from x axis

t = thrust vector pitch angle
t t = pitch angle before and after switch point, respectively

= true anomaly
= Earth gravity constant, 398,601.3, km3/s2

= nondimensional time, nt
c = angular position of switch point measured from x axis
1 2 = angular position of shadow entry and exit points

= argument of perigee

Introduction

T HE general problem of circle-to-circle transfer with inclina-
tion change using continuous constant acceleration has been

solved analytically by Edelbaum.1 The assumption of a constant
yaw pro� le within each revolution,adopted by Edelbaum, has been
removed by Wiesel and Alfano,2 who optimized the yaw pro� le by
also allowing the continuous accelerationmagnitude to vary due to
propellantexpenditure.Semianalytic solutions of the optimal thrust
pitch and yaw pro� les for a given transferwere determinedby Cass3

and McCann,4 who also generalized the problem further by consid-
ering discontinuous thrust due to eclipsing. In Ref. 5, a computer
program that simulates the important effects due to shadowing or
eclipsing and power degradation during transit in the Van Allen ra-
diation belts has been created. The intermediate orbits during the
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transfer are assumed to remain circular by Dickey et al.5 to simplify
the calculationsof the orbit parameters as well as the shadow entry
and exit points, even though exact numerical simulations for typi-
cal six-month solar-electric transfers from low Earth orbit (LEO) to
geostationaryEarth orbit show that in the worst case of shadowing
geometry the intermediate orbits could reach eccentricities on the
order of 0.2 at most. Analytic solutions for the inclination control
and orbit raising when shadowing is present are depicted6 7 for im-
plementationin ef� cient codes such as in the case of Ref. 5. In view
of the small eccentricitybuildup, it is convenient to force eccentric-
ity to remain at zero by developing analytic methods that result in
simple but suboptimal steering laws that are easily implementable
in mission analysis software and by fully accounting for the vary-
ing shadow geometry during the transfer. Thus, orbit raising in the
presence of shadowing, which can be dif� cult to model in LEO,
remains complicated if the orbit must be constrained to remain cir-
cular during the coplanar transfer. The main advantage of keeping
the eccentricity at zero during the transfer is that it simpli� es the
equations of motion to their simplest form, which then allows the
analyst to carry out the optimizationproblem semianalyticallyas in
Ref. 3. Another important advantage consists in the ease of com-
puting the shadow entry and exit points because they are given in
analytic form instead of numericallysolving a quartic that would be
computationally intensive and therefore may not be of interest for
on-boardnavigationapplications.Unlike the approachof Ref. 3, we
consider constant relative pitch angles that are easily implemented
by the on-board attitude control system, which in this case has to
hold the pitch attitude constant relative to the local horizon. The
adoption of piecewise constantpitch angles allows the spacecraft to
pitch at the same rate as the orbital motion, thereby removing the
need to continuously maneuver in attitude as in Ref. 3, where an
optimal variable pitch pro� le is implemented instead.

Our approachis basedon the theory of functionminimizationand
is purely analytic, requiring minimal computational effort. In the
second section,we consider that no pitch attitudemaneuvers should
be implementedin shadowwhensunsensorsare ineffective(strategy
1). The strategy of the third section is free of such requirements
(strategy 2), and in both cases the optimal switch location is found
such that the largest change in semimajor axis is achieved during
one revolutionof intermittent thrusting. We shall also seek constant
pitch angle solutions over a large portion of the sunlit arc such that
unique combinations of the pitch angles for a given switch location
along the orbit result in a net zero eccentricitybuildup, albeit with a
correspondinglydegraded semimajor axis buildup when compared
with the optimal switch location solution.

Analysis
Let x , y representan Earth-centeredinertial reference frame such

that y bisects the shadow arc O O as in Fig. 1. The shadow entry
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Fig. 1 Orbit geometry.

point is O , and the shadow exit point is O. The location of O is
measured from the x axis by the angle 1 , and due to symmetry, the
angular position of O is depicted by 2 1. Thrust is applied
only when the spacecraft is in sunlight, and time is measured from
the x axis. In a � rst analysis, and starting from point U at time zero,
a constant acceleration thrust T is applied along the arc UO such
that the thrust vector is inclined at a constant angle t with respect
to the local horizontal. This simple scheme is easily implemented
by the attitude control system of the spacecraft because the vehicle
is continuouslypitchingat the same rate as the orbitalmean motion.
Furthermore, to prevent any attitude control maneuvers while in
shadow, the same constant angle t is maintained at the exit from
the shadow along the arc OVW. At the W location, the thrust angle
is switched from t to t and held at this constant value from W
to U, completing, thereby, one full revolution. This switch point
W is de� ned by c . The angle 1 is always in the � rst quadrant
because the maximum shadow angle 2 1 never exceeds
140 deg, which, of course, takes place in LEO. The orbit is in full
sunlight if 2 1 2. This problemis best analyzedby making
use of the variation of parameters perturbationequations linearized
about a reference circular orbit, which we will consider to be the
initial circular orbit at time zero. We seek solutions for t , t , and

c such that after each revolution of the Earth the orbit remains
circular with no buildup in eccentricity and while thrusting only in
sunlight. Because we are interested only in the coplanar problem,
the equations that describe the perturbationsof the semimajor axis
a and the eccentricity vector e are given by

d a

d

2a3
0 f (1)

d ex

d

a2
0 2c f s fr (2)

d ey

d

a2
0 2s f c fr (3)

The rates are with respect to . The vectore has been replacedby its
components ex and ey along the inertial x and y directionssuch that
there are no singularities at e 0 with the use of this formulation.
From a a a0 and using the variation of parameters equation
a 2a2

0 ft , where na0 and ft f for a circularorbit, the
rate in Eq. (1) is obtained from d a dt 2a3

0 n f . Similarly,
from ex ex ex0 ec e0c 0 and d ex dt ec es ,
letting 0, and using the variation of parameters equation for
the eccentricity,8

e r h s 1 ec fr e 2c ec2 f

with r a0, h a0
1 2 , with 0, and letting

e 0, the rate in Eq. (2) is obtained. Finally, from ey ey ey0 ,
d ey dt es ec , where8

e r h [ c 1 ec fr s 2 ec f ]

and making the same substitutions as for the ex case, Eq. (3) is
obtained.Let k represent the magnitudeof the constant acceleration
imparted to the spacecraft; m is updated if needed from orbit to
orbit. Then

fr ks t (4)

f kc t (5)

Then, because the orbit is to remain circular at the end of each
revolution, and near circular in between, nt is used in
Eqs. (1–3), yielding

d a

d
2
n2

kc t (6)

d ex

d

k

a0n2
2c t c s t s (7)

d ey

d

k

a0n2
2c t s s t c (8)

Let us examine � rst the case of pure tangential thrust where t 0.
Then the preceding system of equations is integrated between
0 and 1 and between 2 and 2 and, after adding, yields the
changes in a, ex , and ey , namely, a 2k n2

1 2 2 ,
ex 2k a0n2 s 1 s 2 , and ey 2k a0n2 c 1 c 2 .These

expressionsshow that ex and ey are equal to zeroonlyfor 1 2,
which takes place if 1 2, i.e., the case of no shadow. It is there-
fore impossibleto thrust tangentiallyalong the velocityvector with-
out building up net eccentricity. In fact, in view of 2 1, the
preceding expressions reduce to a 2k n2 2 1 , ex 0,
and ey 4k a0n2 c 1 , with a 0 and ey 0, because 1

is always such that 0 1 2. If we integrate the equations of
motion with t t for 0 1 and 2 c and t t for

c 2 , then

a 2k n2
1 c 2 c

t
2 c c

t
(9)

ex k a0n2 2 s 1 s c s 2 c
t

2s c c t

c 1 c 2 1 c c s
t

1 c c s
t

(10)

ey k a0n2 2 c 1 1 c c c 2 c
t

2 1 c c c
t

s 1 s c s 2 s
t

s c s t
(11)

Let us consider purely tangential acceleration-deceleration pro-
grams. If we choose t and t 0, thenwe havea deceleration-
accelerationprogram such that the preceding expressions reduce to

a 2k n2 3 2 c 2 1 (12)

ex 4k a0n2 s c (13)

ey 4k a0n
2 c 1 c c 1 (14)

It is seenhere that ex 0 if c , 2 . For c , ey 0 if c 1

2 0, which is clearly impossible.For c 2 , ey vanishesonly if
c 1 0 or 1 2, indicatingthe caseof no shadow. Therefore,this
deceleration-acceleration program cannot yield ex and ey 0
simultaneously as long as there is a shadow arc along the orbit.

For 1 2 and c 2 , we have a 4 k n2 0, which
would shrink the orbit.The same discussionwill hold true if we con-
sider an acceleration-deceleration program with t 0 and t .
In this case, Eqs. (9–11) yield the exact negative expressions of
Eqs. (12–14). In these expressions, ex 0 for c or 2 . If

c , ey 0 requires 2 c 1 0, which is impossible, and
if c 2 , the condition ey 0 requires c 1 0 or 1 2,
where no shadow arc exists. In this case, a 4 k n2 0, which
is strictly positive as expected. If one uses the � rst strategy
(deceleration-acceleration) during one orbit and the second strategy
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(acceleration-deceleration) during the following orbit or vice versa,
it is possible to keep ey 0 if c is selected such that c c 1 c 1 .
The ex change from the � rst revolution will cancel out the ex

change from the following revolutionso that both ex and ey will
remain at zero after each two orbits.However, this strategywill also
yield a net a of zero,which is not desirable.Let us considerone � -
nal strategyin which t t for 0 1, t t for 2 c,
and t t for c 2 . Then the integrationof the linearized
differential equations will yield

a 2k n2
1c

t c 2 c
t

2 c c
t

(15)

ex k a0n2 2s 1 c t
1 c 1 s

t
2 s c s 2 c

t

c c c 2 s
t

2s c c t
1 c c s

t
(16)

ey k a0n
2 2 1 c 1 c

t
s 1 s t

2 c c c 2 c
t

s c s 2 s
t

2 1 c c c
t

s c s t
(17)

If we consider now an acceleration-deceleration-accelerationpro-
gramwith t 0, t , and t 0, then theprecedingequations
reduce to

a 2k n2 3 2 c (18)

ex 4k a0n2 s 1 s c (19)

ey 4k a0n2 c c (20)

Clearly, both ex and ey cannot be equal to zero regardless of the
value of c because ex 0 for c 1 2 and ey 0 for

c 3 2. In a similar manner, if we consider now a deceleration-
acceleration-deceleration program with t , t 0, and t

, then the variations are opposite in sign to Eqs. (18–20), and
for the same reason, it is impossible to satisfy ex ey 0
simultaneously. From these simple examples, it is seen that purely
tangential thrusting in the presence of shadow arcs will not satisfy
the e 0 constraint.Therefore,we must investigate strategies with

t 0 such that we can control the eccentricity buildup through
the radial components of the acceleration vectors when shadowing
is present. Going back to Eqs. (9–11), the conditions ex 0 and

ey 0 yield the system of equations given by

2Ac
t

Bs
t

2Cc
t

Ds
t

0 (21)

2Bc
t

As
t

2Dc
t

Cs
t

0 (22)

with A s 1 s 2 s c s c , B c 1 c 2 1 c c 2c 1

1 c c , C s c , and D 1 c c . For given 1 and c, Eqs. (21)
and (22) can be solved to give s

t
and c

t
in terms of s

t
and c

t

s
t

2 AD BC c
t

AC B D s
t

C2 D2

c
t

2 AC B D c
t

BC AD s
t

2 C2 D2

However, from the precedingde� nitions, B D 2c 1 , A2 D2

C2 D2 2D 2 1 c c , and A2 B D 2 1 c c 1 c 1

such that

s
t

2s c c 1 c
t

1 c c 1 c 1 s
t

1 c c

(23)

c
t

2 1 c 1 1 c c c
t

s c c 1 s t

2 1 c c

(24)

These expressions will be useful when we evaluate t once t is
known. Let us now rewrite Eqs. (9–11) as

a 2k n2
c 2 1 c

t
2 c c

t
(25)

ex k a0n2 2s c c t
2c 1 1 c c s

t

2s c c t
1 c c s

t
(26)

ey k a0n2 2 2c 1 1 c c c
t

s c s t

2 1 c c c
t

s c s t
(27)

The last two expressions can be written in terms of s
t

and s
t
, and

because we require ex ey 0, they reduce to

2s c 1 s2

t

1
2

2c 1 1 c c s
t

2s c 1 s2

t

1
2

1 c c s
t

0 (28)

2 2c 1 1 c c 1 s2

t

1
2

s c s t

2 1 c c 1 s2

t

1
2

s c s t
0 (29)

From Eqs. (28) and (29)

s
t

2s c c 1 1 s2

t

1
2

1 c c 1 c 1 s
t

1 c c

(30)

If we square this expression for s
t

and replace in Eq. (28), we get
after regrouping terms

1 s2

t

1
2
K1 s

t
K2 2s c 1 s2

t

1
2

(31)

where the right-hand side term is written in terms of Eq. (30) and
where K1 2s c 1 c 1 and K2 c 1 1 c c . Squaring Eq. (31)
once more yields

L1 s2

t
L2 s

t
1 s2

t

1
2
L3 (32)

with

L1 4s2
c
c 1 c 1 2

4s2
c
c 1

1 c c

2
(33)

L2 15c2
1

1 c c

2
(34)

L3

12s3
1
c 1 1 c 1

1 c c

(35)

The term L1 can also be written as

L1 4 1 c c c 1 c c 3c 1 2 5c 1 2 (36)

We square Eq. (32) once again to get an expression in s
t

s4

t
L2

2 L2
3 2L1L2 L2

3 s2

t
L2

1 0

The preceding expressionbeing a quadratic in s2

t
, its solutions are

given by

s2

t

2 L1 L2 L2
3 2L1 L2 L2

3

2
4 L2

2 L2
3 L2

1

1
2

2 L2
2 L2

3

S1 S2 (37)
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where S1 corresponds to the plus sign and S2 to the minus sign in
Eq. (37). Therefore, the angle t is such that

s
t

S1
1
2 S2

1
2 (38)

providing no fewer than eight solutions due to the double squaring
operationsjust carriedout. Four of these solutionscan be eliminated
if we require that c

t
0 or 2 t 2 so that the c

t
term

in the a expression in Eq. (25) contributes to a positive a for
orbit raising. From Eq. (25), 1 2 c 0 and c 2 0
so that a 0 would require c

t 1 c 2 c
t

2 c .
If c

t
0, then we must have c

t
0, and to have a 0, we

must additionallysatisfy c
t

2 c c
t 1 c 2 , which

requires, in turn, that

c

2 c
t 2 1 c

t

c
t

c
t

If c
t

0, then c
t

0 always satis� es the inequality c
t 1 c

2 c
t

2 c , and a 0 is always satis� ed. However, if
c

t
0, then a 0 requires the satisfaction of c

t 1 c 2

c
t

2 c , which is possible for

c

2 c
t 2 1 c

t

c
t

c
t

Let us consideronly acceleratingsolutionsof the type c
t
and c

t
0. Equation (34) for L2 is such that L2 0 is always satis� ed for
any 1 and c. The expression for L3 in Eq. (35) is such that

L3 0 if 2 c or s c 0

L3 0 if c 2 or s c 0

From Eq. (36), it is seen that L1 0 if c c 2 5c 1 2 3c 1

because 1 c c and c 1 are always positive. Furthermore, c 2

Fig. 2 Switch point conditions for full range of shadow entry angle.

Fig. 3 Feasible regions for c satisfying the M1 < 0 condition for three values of 1 = 0, 20, and 50 deg.

must hold, such that L1 0 for 2 c c, where c is obtained
from

c
c

2 5c 1

2 3c 1

(39)

At c c , L1 0, and for c 2 , L1 0. From Eq. (37), it
is clear that 2L1 L2 L2

3 must be negative because 4 L2
2 L2

3 L2
1

0 and L2
2 L2

3 0; otherwise s2

t
would be negative, which is

impossible. Therefore

M1 2L1 L2 L2
3 0 (40)

Replacing from Eqs. (34–36), this inequality reduces to M1

24 1 c c
3c2

1
[c c 9c2

1
22c 1 6 31c2

1
22c 1 6 ] 0,

which, in view of the minus sign and the fact that 1 c c
3c2

1
0

is always satis� ed, translates to the condition

c c 9c2
1

22c 1 6 31c2
1

22c 1 6 0 (41)

For a given 1, this inequality is satis� ed if c is such that

c c

31c2
1

22c 1 6

9c2
1

22c 1 6
(42)

The quadratic functions appearing in Eq. (41) are plotted in Fig. 2.
At 1 70 985 deg, they intersect, and Eq. (42) becomes c c 1,
which is satis� ed for every c. The valuesof c, which are the switch
points that satisfy Eq. (41) or M1 0, are shown in Figs. 3 and
4 for various values of 1 . For 1 0 deg, M1 0 is satis� ed
if 233.13 deg c 2 . This case of maximum shadow angle

2 1 is for an orbit with zero altitude. For Earth orbiters
in LEO, 1 is always larger than 20 deg, and the locus of c that
satis� es M1 0 is given by 215.27 deg c 2 . The switch
points are, of course, obtained from

c c

31c2
1

22c 1 6

9c2
1

22c 1 6
(43)

with the additional condition that c 2. Figure 4 shows that as
we approach 1 70 98 deg, there are two regions along the orbit
for which M1 0 is satis� ed; these two regions eventually merge
such that for 1 70 98 deg all values of c 2 satisfy M1 0.
Another condition that the switch point c must satisfy is given by

2L1L2 L2
3

2
4 L2

2 L2
3 L2

1 0 (44)

The preceding equation is the discriminant in Eq. (37), and its sat-
isfaction ensures that the roots s2

t
do indeed exist. This condition is

equivalent to

L2
3 4L1 L1 L2 0 (45)

and because from Eqs. (34–36)

L1 L2 c 1 1 c c c 1 5 3c c 8 1 c c

the condition in Eq. (45) is reduced, after some algebraic manipu-
lations, to the following quadratic form in c c :

N2 25c2
c

32 1 c 1 c c 7 16c 1 c 1 2 0 (46)
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Fig. 4 Feasible regions for c satisfying the M1 < 0 condition for larger values of 1 = 69, 70, and 70.98 deg.

Fig. 5 Feasible regions for c satisfying the N2 > 0 condition for 1 = 20, 50, and 90 deg.

whose roots are given by

c c

16 1 c 1 144c2
1

288c 1 81
1
2

25
(47)

Here, the discriminant is positive semide� nite for c 1 0 250
so that for 0 1 90 it always holds, and therefore c c always
exists. In fact, the condition in Eq. (46) is always satis� ed by c

for which c c is between the two roots of Eq. (47). This condition
is shown in Fig. 5 for three values of 1, namely, 1 20, 50, and
90 deg. As 1 varies, the c arc for which N2 0 maintains a
constant length of 73.74 deg while shifting toward the x axis, which
is reached for 1 90 deg. Because both conditions M1 0 and
N2 0 must be satis� ed by c for any given 1 , the intersection of
the two regions de� nes the locus of feasible c . It is found that the
N2 0 region is always contained in the larger M1 0 region,
with the lower boundaries being as close as 0.1 deg to one another
for 1 24 deg. Therefore, the satisfaction of N2 0 guarantees
the satisfactionof M1 0 for all 0 1 90 deg of interest. Now,
the same manipulations that lead to the generation of Eq. (32) can
be repeated to obtain an expression in terms of c

t
instead of s

t
.

Without going through the details of the derivations,we can obtain
an expression for s

t
from Eqs. (26) and (27) identical to Eq. (30),

except that s
t

is now expressed in terms of c
t

instead of s
t

as in
Eq. (30). Squaring that expression results in

L0 L2c
2

t
c

t
1 c2

t

1
2
L3 (48)

with L0 given by

L0 4s2
c
c 1 c 1 2 c2

1
1 c c

2
(49)

and with L2 and L3 as before in Eqs. (34) and (35), respectively.
Equation (46) reduces, after squaring and replacement, to the form

c4

t
L2

2 L2
3 2L0 L2 L2

3 c2

t
L2

0 0

whose solutions are given by
c2

t

2L0L2 L2
3 2L0 L2 L2

3

2
4 L2

2 L2
3 L2

0

1
2

2 L2
2 L2

3

(50)

Letting M2 L2
2 L2

3 and M3 2L0 L2 L2
3, then

c2

t

M3 M2
3 4M2L2

0

1
2

2M2
S3

c2

t

M3 M2
3 4M2L2

0

1
2

2M2
S4

so that � nally the solutions reduce to

c
t

S3
1
2 (51)

c
t

S4
1
2 (52)

It is easily veri� ed that L0 L1 L2 , where L1 is as given in
Eq. (36). We could have also obtainedc2

t
directly from c2

t
1 s2

t
such that

c2

t

2L1L2 2L2
2 L2

3 2L1 L2 L2
3

2
4 L2

2 L2
3 L2

1

1
2

2 L2
2 L2

3

We get the following four solutions for the thrust angle t by ob-
serving that from Eqs. (38), (51), and (52) the S1 solution for s

t
corresponds to the S4 solution for c

t
, and similarly for S2 and S3,

such that the four solutions that satisfy e 0 are given by

t tan 1 S1
1
2

S4
1
2

(53)

t tan 1 S1
1
2

S4
1
2

(54)

t tan 1 S2
1
2

S3
1
2

(55)

t tan 1 S2
1
2

S3
1
2

(56)
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We could also have obtained from ex ey 0 of Eqs. (26) and
(27) an expression for c

t
in terms of c

t
that would have led to

L1 c2

t
L2 c

t
1 c2

t

1
2
L3

which, when squared, yields the quadratic form in c2

t

c4

t
L 2

2 L 2
3 2L1L2 L 2

3 c2

t
L 2

1 0

whose solutions are given by

c2

t

M1 M 2
1 4M2 L 2

1

1
2

2M2

(57)

where

M1 2L1L2 L 2
3 M2 L 2

2 L 2
3

L1

1 c c c 1

4
5c 1 3c 1 c c 8 1 c c

L2

15

4
c2

1
1 c c

2 L2

4

L3 3s c c 1 1 c c 1 c 1

L3

4

The solutions are given by

c
t

S3

1
2 c

t
S4

1
2 (58)

with S3 corresponding to the plus sign in Eq. (57) and S4 to the
minus sign, respectively. We can also write the solutions for t in
terms S1, S2, S3 , and S4 as

t tan 1 S1
1
2

S4

1
2

(59)

t tan 1 S1
1
2

S4

1
2

(60)

t tan 1 S2
1
2

S3

1
2

(61)

t tan 1 S2
1
2

S3

1
2

(62)

Once the four solutions are found for t , the solutions for t
are obtained from Eqs. (23) and (24), which express s

t
and c

t
,

respectively, in terms of t . Next, a in kilometers and ex and
ey are also evaluated from Eqs. (25–27). It is thus found that the

preceding four solutions are symmetrical two by two, meaning that
two solutions provide positive a and the other two mirror values
of a but with a 0. The a 0 solutions are to be used
for orbit raising, whereas the a 0 solutions will be used for the
return leg to LEO. The obviouschoice is, of course, the solution that
provides the largest a whether positive or negative. The solution
given in Eq. (61) provides the largest a 0, and the solution
given in Eq. (62) provides the largest a 0. Let a0 40,000 km,

398,601.3 km3/s2, k 3 5 10 7 km/s2, and 1 80 deg.
Starting from c 2 1 100 deg, a, ex , and ey are
evaluated from Eqs. (25–27) after computing the four solutions t
that satisfy ex ey 0 from Eqs. (59–62) and evaluating the
corresponding angles t from Eqs. (23) and (24). For Each c , the
discriminantsin Eqs. (44), (50), and (57) are evaluated to determine
whether they are positive or negative. If they are negative, then no
solution is possible,and a larger c is selecteduntil they are positive.
Once this condition is satis� ed, the four t angles are computed,
followed by the four corresponding t values.

Initially, only the � rst two solutions satisfy ex ey 0, and
as c is increased further, all four solutions are acceptable,whereas
the last c value used in this example will result in the satisfaction
of only the last two solutions. Clearly there exists a value of c for
which a is maximum, which, in this case, is about 640 km. It is
very easy to mechanize this algorithm and step on c one degree at
a time, or less if so desired, and select the solution that provides the
largest a using a search and sort routine. Incidentally, only those
values of c that satisfy the condition N2 0 of Fig. 5 produce any
feasible solutions as expected.

Modi� ed Strategy for Eccentricity Control
In this analysis, the x axis is along the shadow exit point as in-

dicated by point O in Fig. 6. The thrust T f is again applied
at a constant pitch angle t with respect to the local horizon from
shadow exit to point W de� ned by the angle c . At this point, the
pitch angle is changed to the constantvalue of t until shadow entry
de� ned by point O , where thrust is interrupted until shadow exit.

This strategy requires, unlike the strategy of the second section,
that the vehicle perform an attitude adjust maneuver in shadow so
that the pitch angle t is recovered at exit for another revolution of
intermittent low thrust around Earth. In this analysis, the shadow
entry point O is de� ned by the angular position of f , and the
shadow arc length is de� ned by the angle 2 such that f

2 . Going back to the linearized perturbation Eqs. (6–8) and
integrating between 0 and c with the pitch angle of t , and then
from c to f with t , we obtain

a 2k n2 c
t c c

t f c (63)

ex k a0n2 2c
t
s c s

t
1 c c

2c
t

s f s c s
t

c f c c (64)

ey k a0n2 2c
t

1 c c s
t
s c

2c
t

c f c c s
t

s f s c (65)

Once again, we require ex ey 0 such that from Eqs. (64)
and (65) expressions for s

t
and c

t
in terms of s

t
and c

t
can be

obtained:

s
t

2 A D B C c
t

B D A C s
t

C 2 D 2
(66)

c
t

2 B D A C c
t

B C A D s
t

2 C 2 D 2
(67)

Fig. 6 Transfer geometry with pitch reorientation maneuver in
shadow.
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where

A s c B 1 c c

C s f s c D c f c c

and where

A D B C s f 1 c c s c 1 c f

C 2 D 2 2 1 s c s f c c c f

B D A C 1 c f c c s f s c c f c c

To solve for the pitch angle t , Eqs. (64) and (65) are written in
terms of the sine functions only:

2 1 s2

t

1
2

A s
t
B 2 1 s2

t

1
2
C s

t
D 0 (68)

2 1 s2

t

1
2
B s

t
A 2 1 s2

t

1
2
D s

t
C 0

(69)

Let us solve for s
t

in terms of s
t

from the preceding two expres-
sions. Then

s
t

2 A D B C 1 s2

t

1
2

A C B D s
t

C 2 D 2

If we replacethis expressionbackin Eq. (68) and squarethe resulting
expression,we get

L1 s2

t
L2 s

t
1 s2

t

1
2
L3

which is squared one more time to yield the quadratic form in s2

t

s4

t
L 2

2 L 2
3 2L1 L2 L 2

3 s2

t
L 2

1 0 (70)

with

L1 K 2
1 4C 2 16C 2 A D B C 2

C 2 D 2 2

L2 K 2
2 K 2

1

4C 2

C 2 D 2 2
[4 A D B C 2

A C B D 2]

L3 2K1 K2

16C 2

C 2 D 2 2
A D B C A C B D

K1 2 A
D A D B C

C 2 D 2

K2 B
D A C B D

C 2 D 2

The solutions of Eq. (70) are given by

s2

t

M1 M 2
1 4M2 L 2

1

1
2

2M2

S1 S2 (71)

such that

s
t

S1
1
2 (72)

s
t

S2
1
2 (73)

with S1 correspondingto the plus sign in front of the radical and S2

to the minus sign. Finally, from c2

t
1 s2

t
, we get

c2

t

2M2 M1 M 2
1 4M2 L 2

1

1
2

2M2

S4 S3 (74)

c
t

S4
1
2 (75)

c
t

S3
1
2 (76)

The S4 solution corresponds to the minus sign in Eq. (74) and S3 to
the plus sign. Starting from c 0 deg, the radical in Eqs. (71) and
(74) is evaluated to � nd out whether it is positive or negative. If it is
negative,no solutionis possible,and therefore c is increasedand the
test carried out once more until it satis� es the positive semide� nite
property. Then the four solutions of interest are obtained from

t tan 1 S1
1
2

S4
1
2

(77)

t tan 1 S1
1
2

S4
1
2

(78)

t tan 1 S2
1
2

S3
1
2

(79)

t tan 1 S2
1
2

S3
1
2

(80)

after which the corresponding t solutions are obtained from
Eqs. (66) and (67). Then a is evaluated from Eq. (63), and both

ex and ey are computed from Eqs. (64) and (65) to make sure
that they both vanish. The solutions in Eqs. (77) and (80) provide
negative a strategies,whereas theirmirror solutionsobtainedfrom
Eqs. (78) and (79), respectively, provide equal but positive a val-
ues. The largest a changes being of interest, they are found to
correspondto Eq. (79) for a 0 and Eq. (80) for a 0. As c is
increased, the largest a change is reached when c f 2, mean-
ing that the optimal switch point is located at the midpoint of the
sunlit arc OO . Let f 280 deg, a0 10,000 km, 398,601.3
km3/s2 , and k 3 5 10 7 km/s2. Starting from c 10 deg and
in 10-deg increments thereafter, the radical in Eq. (71) is found to
be negative until c 80 deg. Next, the four solutions for t in
Eqs. (77–80) are evaluated, followed by the four correspondingan-
gles t . Finally, a, ex , and ey corresponding to each of the
preceding solutions are computed. As was the case for the analysis
in the previous section (strategy 1), not all four solutions pass the

ex ey 0 condition initially. After c 170 deg, only the
last two solutions are valid. At c 210 deg, the radical fails the
positive semide� nite test, and at c 260 deg, it is exactly equal
to zero, but all four solutions are invalid because ex and ey are
not driven to zero (in practice 10 19 or less). The reason for this
is that we have not enforced either the M1 0 condition as in
the second section or the more relevant condition s2

t
1, which

would have eliminated all the invalid solutions. Nonetheless, the
numericalschemederivedearlieris simpleenoughso that there is no
need for the enforcementof additionalconditions.At c 140 deg,
the largest a 6 938 km is achieved with t 36 05 deg and

t 36 05 deg.
It is then seen that, when c f 2, the pitch angles are equal

in magnitude but opposite in sign. As was conjectured in the
analysis of the second section, the other solution that satis� es

ex ey 0 and provides the smaller a 0 value is obtained
with t 100 31 deg and t 79 68 deg for the same c 140 deg
providing a a of 0 km in this case. This type of solution almost
always involvesa deceleration leg, whereas the a maximizing so-
lutions are always either acceleratingor decelerating,dependingon
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Table 1 Relative performance of strategies 1 and 2 (parentheses indicate strategy 1)

a , km 7,000 10,000 20,000 30,000 40,000
f , deg 220 280 322 335 341
amax , km 2.31 8.58 78.9 277 669

, deg 140 80 38 25 19
1 , deg (20) (50) (70) (77) (80)

t , deg 54 36 18 12 9.4

t , deg 54 36 18 12 9.4
a, km 1.34 6.93 74.8 270 659

(1.18) (6.56) (71.3) (263) (639)
a amax , % 58 71 80 97 98

5,823.049823 8,379.265958 13,034.177567 14,569.241955 15,548.465162
a (opt.), km 2.107 7.660 75.856 272.102 661.563
a aopt, % 63 90 98.6 99.2 99.6

Fig. 7 Relative performance characteristics vs orbit semimajor axis.

whether a 0 or a 0 is desired. Finally, in Fig. 7, the results
of a series of runs for various circular orbits from LEO to geosyn-
chronous Earth orbit are depicted for the worst case of shadowing,
which takes placewhen the sun–Earth line is contained in the space-
craft orbit plane. The total maximum shadow angle in this case is
obtained simply from

2 cos 1 R a (81)

where R is the Earth’s radius. Then

f 2 cos 1 R a (82)

and the a maximizing switch point

c 2 cos 1 R a (83)

Table 1 and Fig. 7 show, as a function of the semimajor axis,
the correspondingvalues of f , amax (obtained through tangential
thrusting with corresponding eccentricity buildup), , as well as 1

of the preceding section and strategy, and � nally t t ,
a [from Eq. (63)], and a amax . The numbers in parentheses

in Table 1 are for 1 and the maximizing a from strategy 1. It is
clear that, as the shadow arc gets smaller with altitude, the pitch
angle decreases accordingly, and the a achieved after one revo-
lution of intermittent thrusting becomes comparable to the amax

achieved by tangential thrust, which would be by de� nition the ab-
solute maximum value. It is also seen that strategy 1 is very nearly
optimal because it provides a values slightly less than the optimal
values possible with strategy 2. Letting now represent the thrust
accelerationpitch angle measured from the radial direction, the op-
timal pro� le that maximizes a while constraining e at zero
can also be determined. The variation of parameters equations in
terms of fr and f for the general elliptic case that are written as

a 2a2 h [es fr p r f ]

e 1 h ps fr [ p r c re] f

can also be cast as3

a
2es

n 1 e2
1
2

fr
2 1 ec

n 1 e2
1
2

f (84)

e
1 e2 1

2 s

na
fr

1 e2 1
2

nae
1 ec

1 e2

1 ec
f

(85)

Measuring from the shadow exit point and setting e 0 in the
preceding two equations results in

a 2 f n (86)

e s na fr 2c na f (87)

which are further reduced by using fr kc and f ks and by
integratingbetween 0 and f (Fig. 6), yielding the changes in a and
e as in3

a
2ka3 f

0

s d (88)

e
ka2 f

0

c s 2s c d (89)

The maximization of a subject to e 0 leads to the adoption
of the following performance index with , the Lagrange multiplier
for the e 0 constraint:

I
f

0

2ka3

s d
f

0

ka2

c s 2s c d

I
f

0

ka2

[2as 1 c s 2s c ] d (90)
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The optimal control law for is obtained from Euler’s equation,
which reduces to F 0, where F is the integrand in Eq. (90),
resulting in

tan
2 a c

s
(91)

such that

s2 4 a c 2

2s2 4 a c 2
c2

2s2

2s2 4 a c 2

Substituting in Eq. (89) results in

e
ka2 f

0

4ac 3 c2

4a2 4a c 3 c2 4ac
1
2

d

0 (92)

The value of is determined numerically by performing a 10-
point Gauss–Legendre quadrature of the preceding integral and by
searching on to establish the zero crossing of the e function, af-
ter which the Wijngaarden–Dekker–Brent method, which combines
root bracketing,bisection,and inverse quadraticinterpolation,is ap-
plied to converge on the exact value of from the neighborhoodof
the zero crossing. Once is thus determined, s and c are readily
obtained from the control law in Eq. (91), and the change a in
Eq. (88) is evaluated also by numerical quadrature. The last three
columnsofTable1 showfor the same k 3 5 10 7 km/s2 constant
acceleration the achieved optimal a for the � ve orbit radii with
maximum shadowing. As expected, aopt falls between the values
of amax for pure tangential thrusting and a of strategy 2 of this
present paper. Constraining the eccentricity at the zero value, even
in the worst case of maximum shadowing, results in a loss of only
10% in achieved a with respect to the unconstrained tangential
thrust case in LEO and negligible loss in higher orbit. The purely
analytic scheme using piecewise constant pitch pro� les is also very
effective in orbit raising, being less effective only in low orbit as
shown in Table 1.

Concluding Remarks
Two coplanar orbit-raising strategies with near-optimal perfor-

mance have been analyzed. The orbit is kept circular during the

transfer even though thrusting is intermittent due to the presence of
Earth shadow. It is better from a practical point of view to use strat-
egy 1 initially in LEO and to switch later to the other strategy when
the period of the orbit gets larger, allowing thereby a thrust attitude
reorientation maneuver to take place just before entry into shadow
or immediately after exit with negligible penalty in overall perfor-
mance. The solutions presented here are very easy to generate and
robust inasmuch as a table of the achieved semimajor axis change
vs the switch point location is establishedand the largest change se-
lected by way of a search and sorting routine. These results are fur-
ther compared with the optimal eccentricity constrained solutions,
which require integral evaluations through numerical quadrature
and Lagrange multiplier determination through numerical search,
and are shown to be near optimal in LEO and almost equivalent to
the optimal in higher orbit.
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